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Abstract
Using the action of three dimensional New Massive Gravity (NMG) we construct
a new bi-gravity in three dimensions. This can be done by promoting the rank two
auxiliary field appearing in the expression of NMG’s action into a dynamical field.
We show that small fluctuations around the AdS vacuum of the model are non-
tachyonic and ghost free within certain range of the parameters of the model. We
study central charges of the dual field theory and observe that in this range they
are positive too. This suggests that the proposed model might be a consistent three
dimensional bi-gravity.
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1 Introduction
Three dimensional Einstein gravity, with a negative cosmological constant, may be thought
of as a simplified model to explore and understand quantum gravity [1]. It seems simpler
than higher dimensional gravity in the sense that it does not contain local propagating
modes, though it is still non-trivial as it has black hole solutions (BTZ solutions) [2] and
boundary propagating modes. A natural question or hope is whether one can understand
black hole physics in this model. Actually three dimensional gravity, and in particular its
BTZ black hole solutions, have increased our knowledge in understanding the AdS/CFT
correspondence [3].
To make three dimensional Einstein gravity more realistic, in comparison with higher
dimensions, (in the sense of having local propagating modes) one may deform the theory
by higher order derivative terms1. In particular one can modify three dimensional Einstein
gravity by adding a gravitational Chern-Simon term which leads to a new theory known
as Topologically Massive Gravity (TMG) [6]. Another deformation could be done by
adding particular curvature squared terms to Einstein gravity leading to a new theory;
New Massive Gravity (NMG) [7]. In the latter case one gets two massive propagating
gravitons [8]; however, in the former one there is only one degree of freedom, due to
chirality.
As a result of presence of higher derivative terms, one expects some inconsistencies in
the sense that the model could be tachyonic or could contain ghost. Actually for generic
values of parameters of the models, the corresponding equations of motion admit several
solutions including AdS, BTZ. It is, however, known that these models suffer from the
fact that the energy of graviton and the mass of BTZ black holes cannot be positive at the
same time. More precisely, tuning parameters to have positive energy for graviton results
to BTZ solutions with negative mass, and vice versa. Equivalently, if one thinks of the
model as a theory which provides a gravitational dual for a two dimensional conformal
field theory (CFT), the corresponding CFT has negative central charge whenever the
propagating spin-2 mode in the bulk has positive energy. This problem is known as
“bulk-boundary clash”.
It was proposed [9] that TMG model could become well defined if one tunes the
parameters of the model on particular values (critical points), so that the modes with
negative mass are removed. It is, however, observed [10] that at the “critical points” the
model admits new “logarithmic” modes which again results to a non-unitray theory (see
also [11, 12]). The situation is the same for NMG [13,14]2.
In the case of TMG in order to circumvent the above problem, the authors of ref. [18]
proposed a new model, named Minimal Massive Gravity (MMG), which has the same
1For some recent works on massive gravity theories, see [4, 5].
2For logarithmic solution in higher dimensional gravity see, e.g. [15–17].
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minimal local structure as that of TMG. Indeed, working within the “Chern-Simons-like”
formulation of massive gravity [19] one may find an action for the MMG model from that
of TMG by adding an extra term. Although adding this extra term would open up a
possibility to get a consistent ghost free and non-tachyonic three dimensional theory, its
linearization about a flat or AdS vacuum still has a single massive mode.
The aim of this paper is to explore a possibility of resolving bulk-boundary clash in
the NMG model. To proceed we note that the action of NMG model
I =
1
16piG
∫
d3x
√−g
{
σR− 2Λg − 1
m2
(
RµνRµν − 3
8
R2
)}
(1.1)
may be recast to the following form, using an auxiliary field fµν [7]
I =
1
16piG
∫
d3x
√−g
(
σR + fµνGµν + 1
4
m2(f˜µνfµν − f˜ 2)− 2Λg
)
, (1.2)
where σ = ±1 controls the sign of the curvature term, G is the Newton constant, m is
a mass parameter, Λg is a cosmological parameter, R is the Ricci-Scalar and Gµν is the
Einstein tensor of the metric gµν . Here we have used a notation in which f˜
µν ≡ gµαgνβfαβ,
f˜µν ≡ gµαfαν and f˜ ≡ gµνfµν . Obviously the auxiliary tensor field fµν is not a dynamical
field and can be solved using its algebraic equations of motion. Indeed varying the action
with respect to fµν one finds
fµν = − 2
m2
(Rµν − 1
4
gµνR). (1.3)
Plugging this expression into the action (1.2) one finds the original action (1.1).
The basic idea of our procedure to address the bulk-boundary clash is to promote the
auxiliary field fµν into a dynamical field by adding a new kinetic term for it to the action.
Since the resultant model has two dynamical spin-2 fields, this theory can be thought of
as a New Bi-Gravity model (NBG). To be precise we will consider the following action3
I =
1
16piG
∫
d3x
√−g
(
σR[g] + fµνGµν [g] + 1
4
m2(f˜µνfµν − f˜ 2)− 2Λg
)
+
1
16piG˜
∫
d3x
√
−f
(
R[f ]− 2Λf
)
, (1.4)
where Λf is a new cosmological parameter, G˜ is the Newton constant of the second metric,
R[g] and R[f ] are Ricci scalars constructed from gµν and fµν , respectively. Gµν [g] is also
3Note that we have an option to consider the kinetic term of the second metric with either signs by
adding σ˜R[f ] with σ˜ = ±1. Of course it what follows we set σ˜ = 1 and study the model in more details.
The results of σ˜ = −1 will be briefly presented in the appendix.D.
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the Einstein tensor of the metric gµν . It is important to note that all indices are raised
by gµν except those in the definition of Ricci scalar R[f ] which are raised by the inverse
metric fµν .
It is worth noting that there are other bi-gravity models in the literature where the
authors have also provided a framework to address the bulk-boundary clash. In particular
motivated by the earlier work [20] the authors of [21] introduced a new three dimensional
bi-gravity model. Although one can manage to get a positive central charge in this model,
the model, in fact, is not unitary in the bulk due to the Boulware-Deser ghost.
Actually our model is very close to another bi-gravity model introduced in [22] to
resolve the bulk-boundary clash in NMG. Although the aim of this paper was to address
the same question as ours for the NMG model, an advantage of our model is that it can be
written using metric formalism, though the one in [22] is formulated using the first order
Dreibein formalism. Of course the price we paid is that our model contains non-trivial
potential given by the Einstein tensor which makes the model more complicated to study!
To find the equations of motion of the NBG action one should vary the above action
with respect to the metrics gµν and fµν . Doing so one arrives at
σG[g]µν + Λggµν = −m
2
2
[
f˜ρµfνρ − f˜fµν −
1
4
gµν(f˜
ρσfρσ − f˜ 2)
]
− 2f˜(µρG[g]ν)ρ
−1
2
fµνR[g] +
1
2
f˜Rµν [g] +
1
2
gµνfρσG[g]ρσ − 1
2
[
∇2[g]fµν − 2∇[g]ρ∇[g](µfν)ρ
+∇[g]µ∇[g]ν f˜ + (∇[g]ρ∇[g]σfρσ −∇2[g]f˜)gµν
]
, (1.5)
Gµν [f ] + Λffµν = 1
κ
√
g
f
[
fαµfβνG[g]αβ + 1
2
m2
(
gσαgτβ − gστgαβ) (fστfαµfβν) ],
where Gµν [f ] is the Einstein tensor of the metric fµν and κ = GG˜ is the relative strength
of two Newton constants associated with two metrics.
Having proposed a model one should first check whether the model contains non-
trivial physics. In order to address this question we will first study different solutions of
the above equations of motion. Of course for simplicity we will mainly consider solutions
where two metrics are proportional. Restricted to this set of solutions, we will see that
the model admits several solutions including AdS vacuums, AdS black hole and AdS wave
solutions. Then we will study small fluctuations of the metrics around a vacuum solution,
where both metrics are AdS whose radius are proportional.
We will see that within a particular range of the parameters the model is consistent
in the sense that, at quadratic level, it is ghost free and non-tachyonic. We will also
make a comments on the number of degrees of freedom of NBG. Moreover, assuming
that the model provides a holographic description for a two dimensional CFT, we will
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compute central charges of the corresponding CFT and show that within the same range
of parameters they are positive as well. Therefore, our model could be a candidate to
address a solution to bulk-boundary-clash in NMG.
The paper is organized as follows. In the next section we will present different solutions
of the equations of motion (1.5). In section three we will study the linearized equations
of motion where we will see that there is a range of parameters over which the model
is consistent4. In section four we compute central charges for the dual CFT’s. The last
section is devoted to discussions.
2 Solutions of equations of motion
In this section we shall investigate some possible solutions of the equations of motion
(1.5). To be concrete, we will first consider particular solutions in which two metrics gµν
and fµν are proportional, i.e. fµν = γgµν . Although this might contains a small subset
of general possible solutions of the equations of motion, it is still non-trivial to explore
different features of the model. We will also present a non-proportional solutions as well.
2.1 AdS vacuum solution
We first investigate the existence of two proportional AdS solution
ds2g =
`2g
r2
(
dr2 − 2dudv) , ds2f = `2fr2 (dr2 − 2dudv) . (2.1)
Substituting the above ansatz in the equations of motion (1.5) one finds
σ + `2gΛg −
m2`4f
4`2g
+
`2f
2`2g
= 0, 1−m2`2f − κ
`g
`f
(
1 + Λf`
2
f
)
= 0. (2.2)
Assuming `2f = γ`
2
g, the Eqs. (2.2) give the following equations to determine γ and `
2
g
`2g = −
σ + 1
2
γ
Λg − 14m2γ2
=
−κ+√γ
γ(m2
√
γ + κΛf )
. (2.3)
From the above relations, we find an equation for γ as follows
E[γ] ≡ a5γ5 + a4γ4 + a3γ3 + a2γ2 + a1γ − Λ2g = 0, (2.4)
4We would like to emphasis that by “consistent” we mean that the model at the quadratic level is
ghost free and non-tachyonic and central charges of dual theory are positive.
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where
a1 = Λg(
Λg
κ2
+ 2σΛf ), a2 =
2Λgσm
2
κ2
− Λ2f + (
1
2
m2 + Λf )Λg,
a3 =
m2
κ2
(m2 +
1
2
Λg)− (1
2
m2 + Λf )σΛf , a4 =
σm4
2κ2
− 1
4
(
1
2
m2 + Λf )
2,
a5 =
m4
16κ2
. (2.5)
Note that the coefficient of γ5 in Eq. (2.4) is positive, thus the function E[γ] approaches
±∞ as one takes the limit of γ → ±∞. Moreover one has E[0] = −Λ2g < 0. Therefore,
E[γ] would certainly intersect with the γ-axis in (at least) one positive point. This
analysis shows that the equations of motion do have proportional AdS solutions.
2.2 BTZ black hole solution
Actually it is clear that since the NBG model admits AdS vacuum solutions, it should
also has BTZ black holes. This is simply because these black holes are locally AdS.
Nonetheless in this subsection we will redo the same computations as we did in the
previous subsection for the non-rotating BTZ black hole. Let us consider the following
ansatz
ds2g = `
2
g
[
(r2 − r2+)dτ 2 +
1
(r2 − r2+)
dr2 + r2dφ2
]
, ds2f = γds
2
g. (2.6)
Plugging this ansatz into the equations of motion (1.5) one arrives at
4σ − γ2`2gm2 + 2γ + 4`2gΛg = 0, 1−m2`2f − κ
`g
`f
(
1 + Λf`
2
f
)
= 0, (2.7)
which is indeed the same as those in the Eq.(2.3) as it must be. Actually this is the case
simply because the solution is locally AdS. Having found the same equations as that in
the previous subsection one could then argue that the solution does indeed exist.
2.3 Ads wave solutions
So far we have considered solutions in which two metrics are proportional. As an example
in this subsection we shall consider a non-proportional solution of the equations of motion.
To start, we will consider the following AdS wave ansatz for gµν and fµν
ds2g =
`2g
r2
(
dr2 − 2dudv +G(u, r)du2) ,
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ds2f =
`2f
r2
(
dr2 − 2dudv + F (u, r)du2) . (2.8)
Note that this ansatz contains two free parameters `g and `f and two arbitrary functions
G(u, r) and F (u, r). Now the aim is to find these parameters and functions using the
equations of motion. Indeed plugging the ansatz into the equations of motion of metric
gµν one finds an algebraic equation among the parameters of the ansatz and also a partial
differential equation for the functions G and F . The corresponding equations are
`2gΛg −
1
4
m2
`4f
`2g
+ σ +
1
2
`2f
`2g
= 0. (2.9)
and
−
(
σ
2
+
3
4
`2f
`2g
)[
∂2G
∂r2
− 1
r
∂G
∂r
]
+
(
1
2
`2f
`2g
)[
∂2F
∂r2
− 1
r
∂F
∂r
]
−
(
−1
2
`4f
`2g
m2 +
`2f
`2g
)[
G
r2
− F
r2
]
= 0.
(2.10)
Similarly from the equations of motion of the metric fµν one gets
1−m2`2f = κ
`g
`f
(1 + Λf`
2
f ), (2.11)
and
∂2G
∂r2
− 1
r
∂G
∂r
− κ`g
`f
[
∂2F
∂r2
− 1
r
∂F
∂r
]
+ (2−m2l2f )
[
G
r2
− F
r2
]
= 0. (2.12)
The differential equations (2.10) and (2.12) can be solved by considering solutions of the
form of rα for functions G and F . In particular assuming `2f = γ`
2
g, we find a forth order
algebraic equation for α whose solutions are α = 0, 2, 1±√1− A where A is given by
A =
√
γ
(−γ`2gm2 + 2) (2√γκ− γ + 2σ)
κ(3γ + 2σ)− 2γ3/2 . (2.13)
For α = 0 and α = 2 we have F = G while for α = 1±√1− A one has F = βG, where
β =
A(3
4
γ + σ
2
)− γ(1− 1
2
γm2`2g)
A(1
2
γ)− γ(1− 1
2
γm2`2g)
. (2.14)
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Putting everything together one can write the most general solutions for functions F and
G as follows
F (u, r) = f1(u) + f2(u)r
2 + βf3(u)r
1+
√
1−A + βf4(u)r1−
√
1−A,
G(u, r) = f1(u) + f2(u)r
2 + f3(u)r
1+
√
1−A + f4(u)r1−
√
1−A, (2.15)
where fi(u)’s are arbitrary functions of u.
It is evident from the above solutions that the equations of motion degenerate at
certain points where the model exhibits logarithmic solutions. More precisely these points
are given at A = 0 and A = 1. In particular for A = 0, from which5 σ − γ
2
+ κ
√
γ = 0,
one finds
ds2g =
`2g
r2
(
dr2 − 2dudv +
[
G˜0[u] log(r) +G0[u] + G˜2[u]r
2 log(r) +G2[u]r
2
]
du2
)
,
ds2f =
γ`2g
r2
(
dr2 − 2dudv +
[
F˜0[u] log(r) + F0[u] + F˜2[u]r
2 log(r) + F2[u]r
2
]
du2
)
.
(2.16)
It is worth noting that due to the logarithmic behavior of the solution they are not
asymptotically AdS solutions. Indeed from AdS/CFT correspondence one could associate
two sources with each metric and therefore the corresponding dual theory would be a
logarithmic CFT. Having two metrics with logarithmic behavior it would be interesting
to explore the physical content of the dual logarithmic CFT.
On the other hand for A = 1 one finds
ds2g =
`2g
r2
(
dr2 − 2dudv +
[
G0[u] + G˜1[u]r log(r) +G1[u]r +G2[u]r
2
]
du2
)
,
ds2f =
γ`2g
r2
(
dr2 − 2dudv +
[
F0[u] + F˜1[u]r log(r) + F1[u]r + F2[u]r
2
]
du2
)
.
(2.17)
For this solution one has
m2 =
κ(γ − 2σ) + 4√γσ
γ3/2`2g
(
2σ + 2
√
γκ− γ) . (2.18)
Note that in this case although the solutions still exhibit logarithmic terms, they are,
indeed, asymptotically AdS solutions.
5Note that setting A = 0 one gets another solution given by m2`2gγ = 2 which, as we will see, should
be excluded due to scalar ghost free condition.
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3 Linearization
In this section we would like to study small fluctuations of metrics around an AdS vacuum
solution. This study may be used to examine the consistency of the NBG model. More
precisely one could see whether the propagating modes above this vacuum is tachyonic or
the corresponding modes are ghost, or under which conditions the resultant model would
be ghost free and non-tachyonic.
To proceed let us consider the following AdS vacuum solution
ds2g = g¯µνdx
µdxν =
`2
r2
(−dt2 + dx2 + dr2), ds2f = γds2g, (3.1)
and parametrize the fluctuations above this vacuum as follows
gµν = g¯µν + hµν , fµν = γ(g¯µν + ρµν). (3.2)
In order to write the quadratic action with respect to the fluctuations one need to expand
various terms of the action up to second order in the metric perturbations hµν and ρµν .
The details of calculations are given in appendix B. It is clear that the linear part of the
action vanishes. On the other hand using the results presented in the appendix B, the
quadratic part of the action is found
S(2)[hµν , ρµν ] =
1
16piG
∫
d3x
√−g¯
{
(σ +
3
2
γ)hµν(G`h)µν + κ
√
γρµν(G`ρ)µν
−2γhµν(G`ρ)µν + (h− ρ) · (h− ρ)
}
, (3.3)
where G` is the Pauli-Fierz operator on the curved AdS3 background with radius `. For
two arbitrary second rank tensors p and q the Pauli-Fierz operator is
pµν(G`q)µν ≡ −1
4
pνρ;µq
νρ;µ +
1
2
pµν;ρq
ρν;µ − 1
4
p;µq
µν
;ν −
1
4
q;µp
µν
;ν +
1
4
p;µq
;µ
− 1
`2
(
pµνqµν − 1
2
pq
)
, (3.4)
where “ ; ′′ denotes covariant derivative with respect to the background metric. The
inner product used in Eq. (3.3) is also defined by
h · ρ ≡ χ hµνρµν − ξ hρ, (3.5)
where h = g¯µνhµν , ρ = g¯
µνρµν , ρ
µν = g¯µµ
′
g¯νν
′
ρµ′ν′ and
χ = −1
4
m2γ2 +
1
2
γ
`2
, ξ =
1
4
γ
`2
. (3.6)
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To investigate whether the model is ghost free, it is useful to utilize a new basis for the
fluctuations
ρ = ah(m) + h(0), h = h(m) + bh(0), (3.7)
by which the quadratic part of the action in terms of h(0) and h(m) reads
S(2)[h(0), h(m)] =
1
16piG
∫
d3x
√−g¯
[(
(σ +
3
2
γ)b2 + κ
√
γ − 2γb
)
h(0)µν(G`h(0))µν
+
(
σ +
3
2
γ + κ
√
γa2 − 2γa
)
h(m)µν(G`h(m))µν
+2
(
(σ +
3
2
γ)b+ κ
√
γa− γ(1 + ab)
)
h(0)µν(G`h(m))µν
+(b− 1)2χ
(
h(0)µνh(0)µν −
ξ
χ
(h(0))2
)
+(a− 1)2χ
(
h(m)µνh(m)µν −
ξ
χ
(h(m))2
)
−2(b− 1)(a− 1)χ
(
h(0)µνh(m)µν −
ξ
χ
h(0)h(m)
)]
. (3.8)
The procedure is to fix the parameters a and b in such a way that the above action
reduces to two decoupled actions for modes h(0) and h(m). This can be done by setting
the coefficients of the cross terms (in the third and sixth lines of Eq. 3.8) to zero
(σ +
3
2
γ)b+ κ
√
γa− γ(1 + ab) = 0, (b− 1)(a− 1) = 0. (3.9)
Moreover to make sure that the resultant action does not have scalar ghost one should
further set χ = ξ [23, 24] leading to m2`2γ = 1. Now the aim is to see whether we
could find a range for parameters of the above action over which it is ghost free and
non-tachyonic.
To proceed we note that the solution a = b = 1 should be discarded. This is because
for this solution the condition (3.9) reduces to σ − γ/2 +√γκ = 0 which is exactly the
condition where the NBG model exhibits a logarithmic solution. This fact is also clear
from the action (3.8) as at this point the modes h(0) and h(m) degenerate resulting to two
massless modes. Therefore in what follows we should restrict ourselves to the cases of
b = 1, a 6= 1 or a = 1, b 6= 1. It is, however, easy to see that these two cases are essentially
equivalent and thus it is enough to consider only one of them. In what follows we will
consider the first case in which b = 1. In this case from the equation (3.9) one finds
a = −m
2`2σ + 1
2
κ m`− 1 . (3.10)
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In this case the action (3.8) reads
S(2)[h(0), h(m)] =
1
16piG
∫
d3x
√−g¯
[
A0h(0)µν(G`h(0))µν +
+Am
{
h(m)µν(G`h(m))µν − M
2
4
(
h(m)µνh(m)µν − (h(m))2
)}]
, (3.11)
where
A0 = σ − 1
2m2`2
+
κ
m`
,
Am = σ + (
3
2
− 2a) 1
m2`2
+
a2κ
m`
,
M2 = − 1
`2
(a− 1)2
m2`2Am
. (3.12)
In order to get a ghost free and non-tachyonic model certain conditions should be imposed
on the parameters of the action. More precisely from ghost free condition one has
A0 > 0, Am > 0, (3.13)
while the model is non-tachyonic if 6
M2 ≥ − 1
`2
. (3.14)
One can investigate allowed values for (m2`2, κ) so that both ghost free and non-tachyonic
conditions are satisfied. The allowed values of m2`2 and κ for the cases of σ = 1 and
σ = −1 are shown in Fig. 1. For these values of (m2`2, κ) the massive modes acquires
different masses in the range − 1
`2
≤M2 < 0 as depicted in Fig. 2.
For generic value of M2 6= − 1
`2
the spectrum of the NBG model consists of a massless
graviton mode and a massive spin-2 field which has two degrees of freedom. On the
other hand when the bound saturates at M2 = − 1
`2
one gets a partially massive mode
which, unlike massive spin-2 field, has just one degree of freedom at the linear level.
Actually it has been shown that the Pauli-Fierz action for this special value of mass
has an extra gauge symmetry which affects the number of degrees of freedom [29–33].7
6It is argued that for an AdS3 vacuum with radius `, the unitarity allows the massive spin-2 to have
a negative mass squared M2 provided M2 ≥ −1/`2 [25–30].
7Indeed the Pauli-Fierz action for this special value of mass has an gauge symmetry generated by a
scalar gauge parameter χ(x) as follows [29,30]
δχh
(m)
µν = ∇¯µ∇¯νχ−
1
`2
g¯µνχ.
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Figure 1: Unitary Region for m2 and κ−1 for the cases σ = 1 (left) and
σ = −1 (right). Note that here we set ` = 1.
Figure 2: Values of M2 within the unitary region for m2 and κ−1 for the
cases σ = 1 (left) and σ = −1 (right). Note that here we set ` = 1.
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We note, however, that this gauge symmetry in most theories is an artifact of linear
approximation and disappears at the non-linear level [34, 35]. Of course if the theory is
Weyl invariant, such as 3D conformal gravity, this extra gauge symmetry remains in fully
non-linear level [36].
In our case the inequality could saturate for (a = 0, b = 1) in which the action (3.8)
reads8
S(2)[h(0), h(m)] =
1
16piG
∫
d3x
√−g¯
[(
−2 + κ
√
2
)
h(0)µν(G`h(0))µν
+2
{
h(m)µν(G`h(m))µν +
1
4`2
(
h(m)µνh(m)µν − (h(m))2
)}]
. (3.15)
Note that this may happen when σ = −1 and the ghost free condition reduces to κ > √2.
Therefore at this particular value the NBG model has a partially massive mode at the
linear level. We note, however, that since the action (1.4) is not Weyl invariant (even
for the ghost-free and non-tachyonic parameters), the existence of extra gauge symmetry
may be an artifact of linear approximation. It would be interesting to explore this point
better along the study of [34,37,38].
4 Central charges of dual theory
In this section in order to further investigate the consistency of the NBG model we shall
study its properties using AdS/CFT correspondence. More precisely the model, given by
the action (1.4), could provide a holographic description for a dual field theory. Indeed
if one considers the model on an asymptotically locally AdS solution, one would expect
that the dual theory is a CFT theory, though since the gravitational theory has two
asymptotically AdS metrics, it is not clear to us what exactly the corresponding CFT
could be!
Nonetheless, using the free energy of an asymptotically AdS solution one may compute
the entropy of the corresponding solution from which one can read central charges of the
dual theory using Cardy formula for entropy [39, 40]. Doing so, one could investigate
conditions on which the obtained central charges are positive. Intuitively, one would
expect that for a consistent theory the central charges are positive exactly in the range
of parameters where the model is non-tachyonic and ghost free.
Note that in general on-shell action is divergent and one needs to regularize it by
adding certain boundary terms to the action. These boundary terms are those which are
8Note that partial massive gravity could also appear at (a = 1, b = 0) where we get κ =
√
γ. Although
this case may be happen for either signs of σ, the ghost free condition will still be κ >
√
2.
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needed to have a well defined variational principle, and those needed to remove infinities
in the on-shell action. Of course in general finding these boundary terms is not an easy
task, though in what follows we will find them for a subset of solutions where two metrics
are proportional.
To proceed we note that the variation of the action (1.4) with respect to gµν and fµν ,
in general, contains boundary terms which may invalidate the variational principle for
Dirichlet boundary condition. These boundary terms emerge from the following terms
δIδ∂rg,δ∂rf =
1
16piG
∫
d3x
(
σ
√−gδR[g] +√−gfµνδGµν [g] + κ
√
−fδR[f ]
)
, (4.1)
which can be written in the following form
δIδ∂rg,δ∂rf =
1
16piG
∫
d3x
(√−gAµνδRµν [g] + κ√−ffµνδRµν [f ]) , (4.2)
where
Aµν = σgµν + fµν − 1
2
fαβg
αβgµν . (4.3)
From the first term in Eq. (4.2) one gets two different boundary terms as follows
√−g ∇[g]ν(AµνδΓσµσ −AµαδΓνµα), (4.4)
and
−1
2
√−g
[
∇[g]µ(∇[g]νAµνgσρδgσρ) +∇[g]σ(∇[g]νAµνgσρδgµρ)
−∇[g]ρ(∇[g]νAµνgσρδgµσ) −∇[g]µ(∇[g]σAµνgσρδgνρ)−∇[g]ν(∇[g]σAµνgσρδgµρ)
+∇[g]ρ(∇[g]σAµνgσρδgµν)
]
. (4.5)
Similarly the same form of boundary terms emerge from the variation of action with
respect to fµν .
Obviously the boundary terms given in Eq. (4.4) (also that for fµν) invalidate the
variational principle for the Dirichlet boundary condition. Of course these terms could
be removed by adding proper Gibbons-Hawking terms. Actually since we are interested
in solutions where two metrics are proportional, fµν = γgµν , the variation of the action
may be recast into the following illustrative form
δIδ∂rg,δ∂rf =
1
16piG
∫
d3x
(√−g(σ − γ
2
)gµνδR
µν [g] + κ
√
−ffµνδRµν [f ]
)
, (4.6)
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from which the proper Gibbons-Hawking terms can be suggested as follows
IGH = −
2(σ − γ
2
)
16piG
∫
d2x
√−ηg ηijg K[g]ij − 2
16piG˜
∫
d2x
√−ηf ηijf K[f ]ij, (4.7)
where ηgij and ηf ij are the induced metrics, on the boundary, associated with the metrics
g and f , respectively. We would like to re-emphasize that the above boundary terms
are obtained for a subclass solutions where two metrics are proportional. Nonetheless
it is worth comparing these terms with the generalized Gibbons-Hawking term which
is obtained in [41] to make the variational principle well defined for the NMG model.
Actually one can see that assuming fij = γgij, the generalized Gibbons-Hawking terms
(given in the Eq.(2.17) of [41]) exactly reduce to the above boundary term IGH in the
limit of G→ 0.
Let us now evaluate the on-shell action consisting of the original bulk action (1.4)
(named I0) and the above Gibbons-Hawking terms for the following BTZ black hole
solution
ds2g = `
2
[
(r2 − r2+)dτ 2 +
1
(r2 − r2+)
dr2 + r2dφ2
]
, ds2f = γds
2
g, (4.8)
where r+ is the radius of horizon. Plugging the metrics (4.8) into the action and per-
forming integrations over τ, r and φ one arrives at
I0 + IGH =
1
16piG
[
(adiv + κbdiv)R2 + (afin + κbfin)
]
, (4.9)
where R  r+ is a cutoff and
adiv = (2pi)
2 `
r+
(
σ − 3
4
m2`2γ2 − Λg`2 − 1
2
γ
)
,
bdiv = (2pi)
2 `
r+
√
γ
(
1− Λfγ`2
)
,
afin = (2pi)
2`r+
(
σ +
3
4
m2`2γ2 + Λg`
2 − 1
2
γ
)
,
bfin = (2pi)
2`r+
√
γ
(
1 + Λfγ`
2
)
. (4.10)
It is clear that the on-shell action is divergent due to the infinite volume limit and
proper counterterms are needed to remove the divergent terms. It is easy to see that the
corresponding boundary counterterms are
Ic.t. = a1
∫
d2x
√
ηg + a2
∫
d2x
√
ηf , (4.11)
14
where
a1 = − 1
16piG`
(
σ − 3
4
m2`2γ2 − Λg`2 − γ
2
)
, a2 = − 1
16piG˜`
√
γ
(
1− Λfγ`2
)
. (4.12)
Putting every things together the renormalized on-shell action reads
Iren = I0 + IGH + Ict =
1
16piG
(a˜fin + κb˜fin), (4.13)
with
a˜fin = 6pi
2`r+
(
σ +
1
4
m2`2γ2 +
1
3
Λg`
2 − 1
2
γ
)
,
b˜fin = 6pi
2`r+
√
γ
(
1 +
1
3
Λfγ`
2
)
. (4.14)
Using the fact that the free energy is given by F = −TIren with T = r+2pi` being the
Hawking temperature, the entropy may be found as follows
S = −∂F
∂T
(4.15)
=
12pi2`r+
16piG
[(
σ +
1
4
m2`2γ2 +
1
3
Λg`
2 − 1
2
γ
)
+ κ
√
γ
(
1 +
1
3
Λfγ`
2
)]
.
To read the central charges one should compare this entropy with the Cardy formula for
entropy given by [39]
S =
pi2`
3
(CRTR + CLTL) , (4.16)
where CL(R) and TL(R) are central charge and temperature of left (right) moving sector
respectively. On the other hand since the model under consideration is parity invariant
one has
CR = CL ≡ C, TR = TL = r+
2pi`
. (4.17)
Therefore comparing Eq. (4.15) with (4.16) and using Eq. (4.17) one arrives at
C =
1
16piG
(Ck + κCk˜), (4.18)
where
Ck = 36pi`
(
σ +
1
4
m2`2γ2 +
1
3
Λg`
2 − 1
2
γ
)
, Ck˜ = 36pi`
√
γ
(
1 +
1
3
Λfγ`
2
)
. (4.19)
It is important to note that since the metrics given in the Eq. (4.8) are solutions of the
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equations of motion, their parameters should be fixed from Eq. (2.7). Actually from the
equation (2.7) and taking into account the scalar ghost free condition 9 one finds
Λg = − 1
`2
(
σ +
1
4m2`2
)
, Λf = −m2, γ = 1
m2`2
. (4.20)
Plugging these expressions into the equation (4.19) one arrives at
C =
3`
2G
(
σ − 1
2m2`2
+
κ
m`
)
, (4.21)
which is the central charge for the CFT dual of the NBG model. Obviously for κ2 → 0
where the model reduces to NMG one gets
C =
3`
2G
(σ − 1
2m2`2
), (4.22)
which is the well-known central charge of the CFT dual to the NMG model on an asymp-
totically locally AdS3 geometry [28, 42]. Since the way we have obtained the above
expression for central charge crucially depends on the boundary terms and also due to its
important role to address the bulk-boundary clash, it would be interesting if one could
find this expression from another consideration. Indeed in the Appendix.C we have re-
derived this expression using entropy function formalism by which one may compute the
entropy of an extremal black hole [43].
Interestingly enough using the equation (3.12) the above central charge may be recast
into the following form
C =
3`
2G
A0, (4.23)
where A0 is the coefficient of the kinetic term of the massless graviton which is positive
within the range of our interest (see Fig.1). Therefore the absence of scalar ghost and
positivity of kinetic terms, trivially implies that the central charge is positive. Note that
in this range Am is also positive. Thus the NBG model could resolve the bulk-boundary
clash of the NMG model.
It is worth noting that the central charge may be also recast into the form of C =
3`
2G
(σ − γ
2
+ κ
√
γ) from which it is clear that setting C = 0 one arrives at a logarithmic
CFT (see also Eq. (2.16)).
The relation between central charge and the coefficient of the kinetic term of massless
graviton (equation (4.23)) could be simply understood from the fact that the massless
graviton is the source for the dual stress-energy tensor. Note also that there is no a
cross term between massless graviton and spin-2 field and therefore two-point functions
9Note that since BTZ solution is locally AdS, the scalar ghost free condition in the present case is
the same as that of AdS solution; i.e. γm2`2 = 1.
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of stress-energy tensor can be entirely obtained from the action of massless graviton. On
the other hand, since the corresponding two-point functions are proportional to the dual
central charge, the positivity of central charge should be encoded into the positivity of
the kinetic term in the action of massless graviton.
Therefore if, for a model, one could provide a condition that both A0 and Am are
positive, this would automatically give positive central charge and resolve bulk-boundary
clash too. This is, indeed, the case for the NBG model.
5 Conclusions
In this paper we have addressed the bulk-boundary clash for NMG model by proposing
a new bi-gravity in three dimensions. To introduce our model we have inspired by NMG
action written in terms of a rank two auxiliary field. The idea was to promote the
auxiliary field to a dynamical field.
We have shown that the resultant model given by the action (1.4) has non-trivial
content in the sense that its equations of motion admit several non-trivial solutions such
as BTZ black hole and AdS waves. Of course we have mainly considered a small subset of
all possible solutions where two metrics are proportional. In particular we have considered
a vacuum solution where both metrics are AdS geometers whose radii are proportional,
i.e. `2f = γ`
2
g.
We have also studied small fluctuations around this AdS vacuum where we have shown
that at linear level the model consists of a massless graviton and a massive spin-2 field.
We have shown that there is a range for parameters where the NBG model becomes ghost
free non-tachyonic and therefore could be classically consistent. It is important to note
that for these values of parameters the model has the same degrees of freedom as that of
NMG.
We note, however, that for a particular value of parameters the spin-2 field becomes
partially massive which means that in the linearized level it has just one degree of freedom.
Of course we would expect that this reduction of degrees of freedom is an artifact of the
linear approximation. Accepting this fact we would like to conclude that the NBG model
has the same degrees of freedom as that of NMG and therefore could be thought of as a
model which addresses solution of bulk-boundary clash for NMG.
Intuitively it is simple to see how our model could resolve bulk-boundary clash. Indeed
we have shown that upon linearization the quadratic part of the action contains two parts:
one for a massless graviton and one for a massive spin-2 field. Denoting the coefficients
of these terms by A0 and Am, respectively, one can see that for NMG model these two
factors cannot be positive. Moreover since A0 is related to the central charge of the dual
theory one generally gets the bulk-boundary clash. Whereas for the NBG model there is
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a range of parameters where both A0 and Am can be positive simultaneously. This range
of parameters are given in Fig.1.
Of course it is important to note that our study crucially depends on the fact that we
have considered a vacuum AdS solution where two metrics are proportional. The theory
could have other solutions and linearization around them would be different from that
considered in this paper. It will be interesting to study these solutions and fluctuations
around them. It is also worth noting that in this paper we have only studied the consis-
tency of the model up to quadratic terms of the action. To fully address the problem one
should also consider higher order terms to make sure that the theory remains ghost free.
Alternatively one may study the constraint system of the full theory using Hamintonian
formalism. We hope to address this question in our future work.
Finally we note that although the way we have found the central charge of the dual
theory relies on the particular solution we have taken, we think that the expression given
in the equation (4.21) is general and could be found by another method such as asymptotic
symmetry analysis of the model.
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Appendix
A Details of Variation of Action
In this appendix we present details of the variation of the action (1.4). For variation with
respect to gµν of various terms we have
δ
√−g = −1
2
√−ggµνδgµν ,
δ(
√−gR[g]) = √−g Gµν [g]δgµν + B1,
δ(f˜µνGµν) = δg
µν
(
2f˜(µ
ρGν)ρ +
1
2
[
∇2[g]fµν − 2∇[g]ρ∇[g](µfν)ρ +∇[g]µ∇[g]ν f˜
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+(∇[g]ρ∇[g]σfρσ −∇2[g]f˜)gµν
]
+
1
2
Rfµν − 1
2
f˜Rµν
)
+ B2,
δ(f˜µνfµν − f˜ 2) = 2(fνρf˜ρµ − f˜fµν)δgµν , (A.1)
where the boundary term B1 is
B1 =
√−g ∇[g]ν
(
gµνδΓσµσ[g]− gµαδΓνµα[g]
)
, (A.2)
and the boundary term B2, setting Bµν = fµν − 12fgµν , is
B2 =
√−g ∇[g]ν
(
BµνδΓσµσ −BµαδΓνµα
)
− 1
2
√−g
(
∇[g]µ(∇[g]νBµνgσρδgσρ)
+∇[g]σ(∇[g]νBµνgσρδgµρ)−∇[g]ρ(∇[g]νBµνgσρδgµσ)−∇[g]µ(∇[g]σBµνgσρδgνρ)
−∇[g]ν(∇[g]σBµνgσρδgµρ) +∇[g]ρ(∇[g]σBµνgσρδgµν)
)
. (A.3)
Variations of different terms in the action (1.4) with respect to fµν are
δ
√
−f = −1
2
√
−ffµν δfµν ,
δ(
√
−fR[f ]) =
√
−f Gµν [f ]δfµν + B3,
δ(fµνG
µν [g]) = −fµαfνβGµν [g]δfαβ,
δ(f˜µνfµν − f˜ 2) = −2
(
gµαgνβ − gµνgαβ
)
fαβfµαfνβδf
αβ, (A.4)
where the boundary term B3 is
B3 =
√
−f ∇[f ]ν
(
fµνδΓσµσ[f ]− fµαδΓνµα[f ]
)
. (A.5)
B Details of Linearization
In this appendix we present the detailed calculations of linearization of different terms in
the action (1.4). To do so we will consider the following perturbations around an AdS3
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solution
gµν = g¯µν + hµν , fµν = γ(g¯µν + ρµν), (B.1)
where g¯µν is the metric of the AdS3 solution with the radius `. Assuming g
µν and fµν
as the inverse tensors corresponding to the metrics gµν and fµν respectively we have the
contravariant version of Eq. (B.1) as follows
gµν = g¯µν − hµν + hµλhλν , fµν = γ−1(g¯µν − ρµν + ρµλρλν), (B.2)
where hµν ≡ g¯µαg¯νβhαβ and ρµν ≡ g¯µαg¯νβραβ. The zeroth, first and second order of
different terms of the action (1.4) with respect to the above perturbations are given by
(
√−gR[g])(0) = √−g¯
(−6
`2
)
,
(
√−gR[g])(1) = √−g¯
(
− h µ;µ + h ;µσµσ −
1
`2
h
)
,
(
√−gR[g])(2) = √−g¯
(
− 1
4
hνρ;µh
νρ;µ +
1
2
hµν;ρh
µρ;ν − 1
2
h;µh
µν
;ν
+
1
4
h;µh;µ − 1
2`2
(hµνhµν − 1
2
h2)
)
. (B.3)
(
√
−fR[f ])(0) = γ 12√−g¯
(−6
`2
)
,
(
√
−fR[f ])(1) = γ−1√−g¯
(
−ρ µ;µ + ρ ;µσµσ −
1
`2
ρ
)
,
(
√
−fR[f ])(2) = γ 12√−g¯
(
− 1
4
ρνα;µρ
να;µ +
1
2
ρµν;αρ
µα;ν − 1
2
ρ;µρ
µν
;ν
+
1
4
ρ;µρ;µ − 1
2`2
(ρµνρµν − 1
2
ρ2)
)
. (B.4)
(
√−gfµνG[g]µν)(0) = γ
√−g¯
(
3
`2
)
,
(
√−gfµνG[g]µν)(1) = γ
√−g¯
(
1
`2
(ρ− 1
2
h)− 1
2
(−h µ;µ + h ;µσµσ )
)
,
(
√−gfµνG[g]µν)(2) = γ
2
√−g¯
(
hνσ;νh
;µ
µσ − hνσ;νh;σ + hσνh µνµσ; +
1
4
h;µh;µ
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+
1
2
hµσ;νh
µν;σ − 3
4
hµσ;νh
µσ;ν − hνσh ρρσ;ν −
1
2
hh µ;µ
+h(
1
2
hµν;µν +
3
4`2
h) + ρµν
(−h σµν;σ − h;µν + 2h σµσ;ν )
+ρ(h µ;µ − hµν;µν −
1
`2
h) +
2
`2
hµνρ
µν − 3
2`2
hµνh
µν
)
. (B.5)
(
√−gf˜µνfµν)(0) = 3γ2
√−g¯, (√−gf˜µνfµν)(1) = γ2
√−g¯
(
2ρ− h
2
)
,
(
√−gf˜µνfµν)(2) = γ2
√−g¯
(
9
4
hµνhµν − 4hµνρµν + ρµνρµν − 5
8
h2 + hρ
)
. (B.6)
(
√−gf˜ 2)(0) = 9γ2√−g¯, (√−gf˜ 2)(1) = γ2√−g¯
(
6ρ− 3
2
h
)
,
(
√−gf˜ 2)(2) = γ2√−g¯
(
ρh+ ρ2 − 7
8
h2 +
15
4
hµνhµν − 6hµνρµν
)
. (B.7)
(
√−gΛg)(0) =
√−g¯Λg, (
√−gΛg)(1) =
√−g¯
(
h
2
)
Λg,
(
√−gΛg)(2) = 1
8
√−g¯ (h2 − 2hµνhµν)Λg. (B.8)
(
√
−fΛf )(0) = γ 32
√−g¯Λf , (
√
−fΛf )(1) = γ 32
√−g¯
(ρ
2
)
Λf ,
(
√
−fΛf )(2) = 1
8
γ3/2
√−g¯ (ρ2 − 2ρµνρµν)Λf . (B.9)
C Central charge from entropy Function
In this section we would like to provide another way to find the central charge (4.21)
using Sen entropy function procedure [43]. In fact it was proved that for an extremal
black hole whose near horizon geometry develops an AdS2 geometry the entropy can be
found by minimizing the following entropy function
S = 2pi(eq − f) (C.1)
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where f = −2pi ∫
horizon
L, with L is Lagrangian density evaluated on the solution. The
entropy is given by the minimal value of entropy function (see [43]). Here e is a parameter
of the solution whose conjugate is q (see below for more details).
Let us now consider an extremal BTZ black hole in our model. The corresponding
geometry can be express as AdS2 fibration of AdS3 whose metric may be parametrized
as follows
ds2g = v1
(
−r2dt2 + dr
2
r2
)
+ v2 (dφ+ er dt)
2 , ds2f = γ ds
2
g. (C.2)
Of course for this metric to present an extremal BTZ black hole one should have v2 =
v1
e2
and v1 =
`2
4
. But for the moment we keep them two free independent parameters. These
values should come automatically as one minimizes the entropy function. Note that the
above metric is in the form of AdS2 × S1.
Now using the ansatz (C.2) and plugging it into the the Lagrangian density obtained
from the action (1.4), one finds
S = 2pieq +
pi
G
(SG + κSG˜) , (C.3)
where
SG =
e2v
3
2
2
16v1
(γ − 2σ) +
([
3
8
m2γ2 +
1
2
Λg
]
v1 − 1
4
(γ − 2σ)
)√
v2,
SG˜ = −
e2v
3
2
2
8v1
√
γ +
1
2
(γΛfv1 + 1)
√
γv2 . (C.4)
By extremizing the entropy function (C.3) with respect to v1, v2 and e, one gets
Ev1 ≡ Ev1G + κEv1G˜ = 0,
Ev2 ≡ Ev2G + κEv2G˜ = 0,
Ee ≡ 2piq + pi
G
(
EeG + κE
e
G˜
)
= 0, (C.5)
where
Ev1G = −
e2v
3
2
2
16v21
(γ − 2σ) +
(
3
8
m2γ2 +
1
2
Λg
)√
v2, E
v1
G˜
=
e2v
3
2
2
8v21
√
γ +
1
2
γ
3
2 Λf
√
v2,
Ev2G =
3e2
√
v2
32v1
(γ − 2σ) +
([
3
16
m2γ2 +
1
4
Λg
]
v1 − 1
8
(γ − 2σ)
)
1√
v2
, (C.6)
Ev2
G˜
= −3e
2√v2
16v1
√
γ +
√
γ
4
(γΛfv1 + 1)
1√
v2
, EeG =
ev
3
2
2
8v1
(γ − 2σ), Ee
G˜
= −ev
3
2
2
4v1
√
γ.
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From the last equation in (C.5) we have
q =
(
√
γκ+ σ − γ
2
)v
3
2
2
8Gv1
e, (C.7)
while from the two other we arrive at
Ev1 − 2v2
v1
Ev2 =
pi
√
v2
2Gv21
(√
γκ+ σ − γ
2
) (
e2v2 − v1
)
= 0. (C.8)
Clearly
√
γκ+ σ− γ
2
can not be zero otherwise we get q = 0 and a log gravity. Therefore
the only solution of the above equation is
v2 =
v1
e2
, (C.9)
that is what was anticipated. One can then find a solution for v1 by plugging the above
expression of v2 into the Eq.(C.5)
v1 = −
√
γκ+ σ − γ
2
4κγ
3
2 Λf + 4Λg + 3m2γ2
. (C.10)
On the other hand since the solution is locally AdS one has
Λg = − 1
`2
(
σ +
1
4m2`2
)
, Λf = −m2, γ = 1
m2`2
. (C.11)
Note that using these values for the parameters of the model from (C.10) one gets v1 =
`2
4
as expected. Finally putting every things together and using the equations (C.7),(C.10)
and (C.9) one arrivers at
S =
pi`
4Ge
(
σ +
κ
m`
− 1
2m2`2
)
= 2pi
√
q`
4G
(
σ − 1
2m2`2
+
κ
m`
)
. (C.12)
which is the entropy of our extremal BTZ black hole that can be recast in to the following
Cardy formula
S =
pi2
3
TC, (C.13)
where the central charge C and Frolov-Thorne temperature T are given by
T =
2
pi
√
Gq√
`
(
σ − 1
2m2`2
+ κ
m`
) , C = 3`2G
(
σ − 1
2m2`2
+
κ
m`
)
, (C.14)
in agreement with the equation (4.21). The identification of the temperature may also
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be understood from the period of the compact direction in the ansatz (C.2) (see for
example [44]).
D σ˜ = −1 case
As we have already mentioned one could have considered either sign for the kinetic term of
the metric fµν . This option could be taken into account by multiplying the corresponding
terms by σ˜ = ±1 then the the action for metric fµν reads
1
16piG˜
∫
d3x
√
f
(
σ˜R[f ]− 2Λf
)
. (D.1)
The main parts of our paper have devoted to the case of σ˜ = 1. In this appendix we will
briefly present the results of σ˜ = −1 case. Indeed classical solutions we have found in
section two can be maped to this case by replacing κ→ −κ and Λf → −Λf . .
Of course one needs to be more careful when we want to study the linearized action
above a vacuum. Actually starting with the fluctuations (3.2) and going through all
computations and using the same field redefinition as (3.7) one arrives at
b = 1, a =
m2`2 σ + 1
2
m`κ+ 1
. (D.2)
Therefore, from the positivity of γ we have σ = −1, in which the quadratic action reads
S(2)[h(0), h(m)] =
1
16piG
∫
d3x
√−g¯
[
A0h(0)µν(G`h(0))µν +
+Am
{
h(m)µν(G`h(m))µν − 1
4
M2
(
h(m)µνh(m)µν − (h(m))2
)}]
,
(D.3)
where
A0 = σ − 1
2m2`2
− κ
m`
,
Am = σ + (
3
2
− 2a) 1
m2`2
− κ a
2
m`
M2 = − 1
`2
(a− 1)2
m2`2Am
(D.4)
One then should impose the following conditions to get a consistent theory
A0 > 0, Am > 0, M2 ≥ − 1
`2
. (D.5)
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Using the same procedure as we have used in the body of paper we can find the central
charge of the dual theory. Again in this case we get
C =
3`
2G
A0. (D.6)
It is evident from this expression that to get a consistent model σ cannot be negative
and therefore one should set σ = 1. One then should look at the expressions (D.4) to
see whether there is a range of parameters where both A0 and Am are positive. Actually
using e.g. Mathematica it is easy to see that in this case the parameters will not satisfy
the conditions given in (D.5) and therefore for σ¯ = −1 one cannot get a consistent model.
References
[1] E. Witten, “Three-Dimensional Gravity Revisited,” arXiv:0706.3359 [hep-th].
[2] M. Banados, C. Teitelboim and J. Zanelli, “The Black hole in three-dimensional
space-time,” Phys. Rev. Lett. 69, 1849 (1992) doi:10.1103/PhysRevLett.69.1849
[hep-th/9204099].
[3] J. M. Maldacena, “The Large N limit of superconformal field theories and supergrav-
ity,” Int. J. Theor. Phys. 38, 1113 (1999) [Adv. Theor. Math. Phys. 2, 231 (1998)]
doi:10.1023/A:1026654312961 [hep-th/9711200].
[4] Y. F. Cai, F. Duplessis and E. N. Saridakis, “F (R) nonlinear massive theories of
gravity and their cosmological implications,” Phys. Rev. D 90, no. 6, 064051 (2014)
doi:10.1103/PhysRevD.90.064051 [arXiv:1307.7150 [hep-th]].
[5] Y. F. Cai and E. N. Saridakis, “Cosmology of F(R) nonlinear massive gravity,” Phys.
Rev. D 90, no. 6, 063528 (2014) doi:10.1103/PhysRevD.90.063528 [arXiv:1401.4418
[astro-ph.CO]].
[6] S. Deser, R. Jackiw and S. Templeton, “Topologically Massive Gauge Theories,”
Annals Phys. 140, 372 (1982) [Erratum-ibid. 185, 406 (1988)] [Annals Phys. 185,
406 (1988)] [Annals Phys. 281, 409 (2000)].
[7] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “Massive Gravity in Three Dimen-
sions,” Phys. Rev. Lett. 102, 201301 (2009) doi:10.1103/PhysRevLett.102.201301
[arXiv:0901.1766 [hep-th]].
[8] M. Sadegh and A. Shirzad, “Constraint strucrure of the three dimensional mas-
sive gravity,” Phys. Rev. D 83, 084040 (2011) doi:10.1103/PhysRevD.83.084040
[arXiv:1010.2887 [hep-th]].
25
[9] W. Li, W. Song and A. Strominger, “Chiral Gravity in Three Dimensions,” JHEP
0804, 082 (2008) [arXiv:0801.4566 [hep-th]].
[10] D. Grumiller and N. Johansson, “Instability in cosmological topologically massive
gravity at the chiral point,” JHEP 0807, 134 (2008) [arXiv:0805.2610 [hep-th]].
[11] K. Skenderis, M. Taylor and B. C. van Rees, “Topologically Massive Gravity and the
AdS/CFT Correspondence,” JHEP 0909, 045 (2009) [arXiv:0906.4926 [hep-th]].
[12] D. Grumiller and I. Sachs, “AdS (3) / LCFT (2) → Correlators in Cosmological
Topologically Massive Gravity,” JHEP 1003, 012 (2010) [arXiv:0910.5241 [hep-th]].
[13] D. Grumiller and O. Hohm, “AdS(3)/LCFT(2): Correlators in New Massive Grav-
ity,” Phys. Lett. B 686, 264 (2010) [arXiv:0911.4274 [hep-th]].
[14] M. Alishahiha and A. Naseh, “Holographic renormalization of new massive gravity,”
Phys. Rev. D 82, 104043 (2010) [arXiv:1005.1544 [hep-th]].
[15] M. Alishahiha and R. Fareghbal, “D-Dimensional Log Gravity,” Phys. Rev. D 83,
084052 (2011) [arXiv:1101.5891 [hep-th]].
[16] I. Gullu, M. Gurses, T. C. Sisman and B. Tekin, “AdS Waves as Exact Solutions to
Quadratic Gravity,” Phys. Rev. D 83, 084015 (2011) [arXiv:1102.1921 [hep-th]].
[17] E. A. Bergshoeff, O. Hohm, J. Rosseel and P. K. Townsend, “Modes of Log Gravity,”
Phys. Rev. D 83, 104038 (2011) [arXiv:1102.4091 [hep-th]].
[18] E. Bergshoeff, O. Hohm, W. Merbis, A. J. Routh and P. K. Townsend, “Minimal
Massive 3D Gravity,” Class. Quant. Grav. 31, 145008 (2014) [arXiv:1404.2867 [hep-
th]].
[19] O. Hohm, A. Routh, P. K. Townsend and B. Zhang, “On the Hamiltonian form of
3D massive gravity,” Phys. Rev. D 86, 084035 (2012) [arXiv:1208.0038].
[20] C. J. Isham, A. Salam and J. A. Strathdee, “F-dominance of gravity,” Phys. Rev. D
3, 867 (1971). doi:10.1103/PhysRevD.3.867
[21] M. Banados and S. Theisen, “Three-dimensional massive gravity and the bi-
gravity black hole,” JHEP 0911, 033 (2009) doi:10.1088/1126-6708/2009/11/033
[arXiv:0909.1163 [hep-th]].
[22] E. A. Bergshoeff, S. de Haan, O. Hohm, W. Merbis and P. K. Townsend,
“Zwei-Dreibein Gravity: A Two-Frame-Field Model of 3D Massive Grav-
ity,” Phys. Rev. Lett. 111, no. 11, 111102 (2013) [Phys. Rev. Lett.
26
111, no. 25, 259902 (2013)] doi:10.1103/PhysRevLett.111.111102, 10.1103/Phys-
RevLett.111.259902 [arXiv:1307.2774].
[23] N. Arkani-Hamed, H. Georgi and M. D. Schwartz, “Effective field theory for
massive gravitons and gravity in theory space,” Annals Phys. 305, 96 (2003)
doi:10.1016/S0003-4916(03)00068-X [hep-th/0210184].
[24] G. Dvali, O. Pujolas and M. Redi, “Non Pauli-Fierz Massive Gravitons,” Phys. Rev.
Lett. 101, 171303 (2008) doi:10.1103/PhysRevLett.101.171303 [arXiv:0806.3762
[hep-th]].
[25] A. R. Gover, A. Shaukat and A. Waldron, “Tractors, Mass and Weyl Invariance,”
Nucl. Phys. B 812, 424 (2009) doi:10.1016/j.nuclphysb.2008.11.026 [arXiv:0810.2867
[hep-th]].
[26] S. Carlip, S. Deser, A. Waldron and D. K. Wise, “Cosmological Topologically Massive
Gravitons and Photons,” Class. Quant. Grav. 26, 075008 (2009) doi:10.1088/0264-
9381/26/7/075008 [arXiv:0803.3998 [hep-th]].
[27] S. Carlip, S. Deser, A. Waldron and D. K. Wise, “Topologically Massive
AdS Gravity,” Phys. Lett. B 666, 272 (2008) doi:10.1016/j.physletb.2008.07.057
[arXiv:0807.0486 [hep-th]].
[28] E. A. Bergshoeff, O. Hohm and P. K. Townsend, “More on Massive 3D Gravity,”
Phys. Rev. D 79, 124042 (2009) doi:10.1103/PhysRevD.79.124042 [arXiv:0905.1259
[hep-th]].
[29] S. Deser and A. Waldron, “Partial masslessness of higher spins in (A)dS,” Nucl.
Phys. B 607, 577 (2001) doi:10.1016/S0550-3213(01)00212-7 [hep-th/0103198].
[30] S. Deser and A. Waldron, “Gauge invariances and phases of massive higher spins
in (A)dS,” Phys. Rev. Lett. 87, 031601 (2001) doi:10.1103/PhysRevLett.87.031601
[hep-th/0102166].
[31] S. Deser and A. Waldron, “Null propagation of partially massless higher spins in
(A)dS and cosmological constant speculations,” Phys. Lett. B 513, 137 (2001)
doi:10.1016/S0370-2693(01)00756-0 [hep-th/0105181].
[32] S. Deser and A. Waldron, “Conformal invariance of partially massless higher spins,”
Phys. Lett. B 603, 30 (2004) doi:10.1016/j.physletb.2004.10.007 [hep-th/0408155].
[33] B. Tekin, “Partially massless spin-2 fields in string generated models,” hep-
th/0306178.
27
[34] M. Blagojevic and B. Cvetkovic, “Extra gauge symmetries in BHT gravity,” JHEP
1103, 139 (2011) doi:10.1007/JHEP03(2011)139 [arXiv:1103.2388 [gr-qc]].
[35] S. Alexandrov and C. Deffayet, “On Partially Massless Theory in 3 Dimen-
sions,” JCAP 1503, no. 03, 043 (2015) doi:10.1088/1475-7516/2015/03/043
[arXiv:1410.2897 [hep-th]].
[36] W. Merbis, “Chern-Simons-like Theories of Gravity,” arXiv:1411.6888 [hep-th].
[37] S. F. Hassan, A. Schmidt-May and M. von Strauss, “On Partially Massless Bi-
metric Gravity,” Phys. Lett. B 726, 834 (2013) doi:10.1016/j.physletb.2013.09.021
[arXiv:1208.1797 [hep-th]].
[38] S. F. Hassan, A. Schmidt-May and M. von Strauss, “Bimetric theory and partial
masslessness with LanczosLovelock terms in arbitrary dimensions,” Class. Quant.
Grav. 30, 184010 (2013) doi:10.1088/0264-9381/30/18/184010 [arXiv:1212.4525
[hep-th]].
[39] J. L. Cardy, “Operator Content of Two-Dimensional Conformally Invariant Theo-
ries,” Nucl. Phys. B 270, 186 (1986). doi:10.1016/0550-3213(86)90552-3
[40] S. Carlip, “Conformal field theory, (2+1)-dimensional gravity, and the BTZ black
hole,” Class. Quant. Grav. 22, R85 (2005) doi:10.1088/0264-9381/22/12/R01 [gr-
qc/0503022].
[41] O. Hohm and E. Tonni, “A boundary stress tensor for higher-derivative
gravity in AdS and Lifshitz backgrounds,” JHEP 1004, 093 (2010)
doi:10.1007/JHEP04(2010)093 [arXiv:1001.3598 [hep-th]].
[42] Y. Liu and Y. W. Sun, “Consistent Boundary Conditions for New Massive
Gravity in AdS3,” JHEP 0905, 039 (2009) doi:10.1088/1126-6708/2009/05/039
[arXiv:0903.2933 [hep-th]].
[43] A. Sen, “Black hole entropy function and the attractor mechanism in higher deriva-
tive gravity,” JHEP 0509, 038 (2005) doi:10.1088/1126-6708/2005/09/038 [hep-
th/0506177].
[44] M. Guica, T. Hartman, W. Song and A. Strominger, “The Kerr/CFT Corre-
spondence,” Phys. Rev. D 80, 124008 (2009) doi:10.1103/PhysRevD.80.124008
[arXiv:0809.4266 [hep-th]].
28
